
Practice Questions for Microeconomic Theory
Andrew Clausen

My part of the class and degree exams have an identical format and marking
system. You will have a choice between one of two questions. To pass, you need
to answer the first part of the question (translating English into maths) well. To
get a credit, you need to answer another part and explain the social consequences
in English. To get a distinction, you need to answer a part that requires a deeper
understanding, for example how a proof of one of the important theorems works.
Starred questions test material that was either not covered in lectures, or was
marked as starred in lectures. It is possible to get a distinction without answering
any starred questions.

The history of these question is:

• Questions 1, 2, and 7 never appeared in any exam.

• Questions 3 and 4 formed the class exam in December 2012.

• Questions 5 and 6 formed the degree exam in May 2013.

• Questions 8 and 9 formed the class exam in December 2013.

• Questions 10 and 11 formed the degree exam in May 2014.

• Questions 12 and 13 formed the class exam in December 2014.

• Questions 14 and 15 formed the degree exam in May 2015.

• Questions 16 and 17 formed the class exam in December 2015.

• Questions 18 and 19 formed the degree exam in May 2016.

Question 1. Consider a pure-exchange economy in which all goods are produced
from oil by home production over 2 time periods. Only oil is traded. There are two
households and two oil deposit sites of size 1. The first site is owned by household
A, and oil can be extracted from it at any rate over the 2 periods. The second site
is owned by household B, but oil production is only possible in the second period.
Both households have the same preferences, which are impatient discounted utility
with the same per-period utility function which is strictly concave.

(i) Define an equilibrium in this economy.
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(ii) Write down the egalitarian social planner’s problem (i.e. assuming that the
social planner puts equal weight on the households.) What allocation would
she choose?

(iii) In equilibrium, how do oil prices change over time?

(iv) In equilibrium, which household is better off? Explain.

(v) Suppose there is a bubble, in the sense that in the last period, oil prices are
too high and there is excess supply of oil in the last period. What would
happen in the first period? (Hint: Walras’ law.)

(vi) * Which assumptions above about the households’ utility are relevant for De-
breu’s theorem about additively separable preferences? Which assumptions
go beyond the conclusion of Debreu’s theorem?

(vii) * What additional assumptions are needed to ensure existence of equilibria
in this economy?
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Question 2. The cashew tree is native to the Amazon forest in Brazil, its fruit is
about the same size as an apple. The juice of the flesh of the fruit is popular in
Brazil (along with açaí, acerola, guava, mango, papaya, and many others... but
ignore those!) Each fruit also contains a single seed, which when toasted becomes
the cashew nut which is popular all over the world.

(i) The firm chooses how many cashew fruits to grow (which requires labour),
and then sells the juice and nuts. Assume that no work is required to extract
the juice and nuts – only growing requires labour. Write down the firm’s
profit function.

(ii) Write down the firm’s cost function. Hint: you will need two quantities in
the state variable (as well as factor prices).

(iii) There are several identical households that supply labour and consume cashews
and cashew juice and hold equal shares in the cashew firm. Write down a
general equilibrium model of the economy.

(iv) Write down a utility function for the households consistent with the idea
that households enjoy cashew nuts more than cashew juice. What can you
say about equilibrium prices in this case?

(v) Does the firm have increasing marginal cost in both products?

(vi) Sketch a graph of the firm’s marginal cost of producing cashew juice, holding
fixed the number of cashew nuts being produced at 3.
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Question 3. A farm produces food from labour. However, the farm does not have a
distribution network, so it can not sell the food directly to the households. Rather,
it must sell the food to a supermarket at a wholesale price, which then resells to
households at a retail price. The supermarket buys food and labour, which it uses
to resell the food. Some food might get wasted; more labour means less food gets
wasted. All households are identical, and supply labour to both firms.

(i) Formulate an economy by writing down the households’ and firms’ value
functions, and the market clearing conditions. Focus attention on symmetric
equilibria, i.e. in which all households make the same decisions. (Hint: you
might find it helpful to consider the wholesale food a completely separate
good. Don’t forget profits.)

(ii) Select a constraint which may be dropped by Walras’ law.

(iii) Suggest how an endogenous variable may be eliminated, since inflation of all
prices by an equal factor does not affect decisions.

(iv) Show that the supermarket’s profit function is convex. (Hint, you may use
the following theorem from class: Suppose V is the upper envelope of convex
functions, i.e. V (a) = maxb v(a, b) where v(·, b) is a convex function for each
b. Then V is convex.)

(v) Show that the supermarket responds to a wholesale price increase by buying
less.

(vi) There have been protests recently that the (equilibrium) retail price is much
higher than the wholesale price, which the households feel is grossly unfair.
They propose introducing a profit tax of 50% to be redistributed equally
among households, a price markup ceiling of 10%, and a minimum wage
increase of 20%. Would this policy make the households better off (under
standard assumptions, like increasing utility functions)?

(vii) * Prove that the supermarket’s policy is continuous if its production function
is strictly concave. You may assume that the supermarket only has space to
accommodate a maximum number of workers and amount of food.

(viii) * To prove existence of equilibrium using Brouwer’s fixed point theorem, it
is important that the set of possible prices are compact. Explain why this is
important, and how to accommodate this requirement.
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Question 4. Sackman, Erickson, and Grant (1968) conducted an experiment on
computer programmers, which they published in the Communications of the As-
sociation of Computing Machinery. They summarised their findings with the fol-
lowing poem:

When a programmer is good,
He is very, very good,
But when he is bad,
He is horrid.

Even though the programmers were quite experienced, there was very wide dis-
parity in their abilities. They found the best programmer writes their code about
20 times more quickly than the worst programmer. They debug it 28 times more
quickly, the final code runs about 10 times faster, and so on. Follow-up studies
report similar disparities, and it has become conventional wisdom that the best
computer programmers are about 10 times more productive than the median.

Suppose there is a mediocre and a brilliant computer programmer. Assume that
one hour of work by the brilliant programmer is a perfect substitute for ten hours
of work by the mediocre programmer. The households are otherwise identical and
hold equal shares in the firm.

(i) Write down a model of this economy, and define a general equilibrium for it.

(ii) Show that in every equilibrium in which both programmers are hired, the
brilliant programmer’s wage is ten times higher than the mediocre program-
mer’s wage.

(iii) Show that in every equilibrium, the brilliant programmer is better off than
the mediocre programmer.

(iv) Depending on the preferences of the households, the brilliant programmer
might work longer or shorter hours. Draw the indifference curves in a way
that indicates the brilliant programmer working less than the mediocre pro-
grammer.

(v) Some people think that the problem is that mediocre programmers are lazy,
and they just need some extra incentives to work hard. In the context of your
model, would giving the programmers stock options, 100% bonus pay upon
project completion and hiring a masseuse and celebrity chef make everyone
better off?

(vi) The mediocre programmer has another more Machiavellian proposal for in-
creasing productivity. He proposes asking the government to issue a large
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lump-sum tax on the brilliant programmer, which will force her to work long
hours to repay her (government-imposed) debt. The mediocre programmer
further proposes the he receive the taxes. Would this proposal work?

(vii) * Discuss the problems with proving existence in this economy.
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Question 5. We eat about 300 billion apples every year, but most of these apples
can not be eaten directly from the tree. The problem is that apples only ripen in
Autumn, and apples consumed at other times must be stored. On the other hand,
lettuce may be grown in all seasons, so it is never necessary to store it. Henceforth,
assume it is non-storable.

Suppose there are just two seasons (Autumn and Spring) and two foods (let-
tuces and apples). Farmers are endowed with apples in Autumn, and lettuce in
equal quantities in both Autumn and Spring. There is a storage firm (owned by
the farmers) that can refrigerate apples until the Spring. The storage technology
does not require any labour or other resources to operate. However, as they store
more fruit, they become less effective and an increasing fraction of apples go bad.

(i) Define a general equilibrium in this setting, focusing attention on symmetric
equilibria in which all farmers make the same decisions as each other.

(ii) Is it possible to normalise apples prices to 1?

(iii) Show that if the storage technology is perfect, then apples prices are equal
in both seasons.

(iv) Show if the storage technology involves some spoilage, that apples are more
expensive in Spring than Autumn.

(v) Suppose that the farmers’ preferences have a discounted utility representa-
tion. (i.e. Time separable preferences that can be written in an additively
separable fashion, with per-period utility functions being identical.) More-
over, assume that the farmers have decreasing marginal utility in apple and
lettuce consumption. (a) Write the farmers’ first-order conditions, (b) show
that the farmers consume more apples in Spring than Autumn, and (c) write
the farmer’s problem using a Bellman equation.

(vi) Now suppose that one farmer is extra productive, and has double the en-
dowments of all of the other farmers. The other farmers have a smaller en-
dowment so that the aggregate endowments are identical. Think about the
prices in the following scenarios:

(a) The original symmetric equilibrium.
(b) The new equilibrium (with the extra productive farmer).
(c) A new equilibrium (with the extra productive farmer) in which the

productive farmer is taxed so that the equilibrium allocation is the
same as in (a).

Do any of these scenarios share the same equilibrium prices?
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(vii) Show that the farmers’ second-period value function is concave and ** dif-
ferentiable.
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Question 6. Suppose there are two countries of equal population. However, the big
country has twice the amount of land, so that each household located there has
twice the land endowment of households in the small country. Each country has an
agricultural firm that transforms labour and land into food. Food can be traded on
the international market. However, labour and land are more complicated. Each
firm is owned equally by the citizens of its own country, and can only grow food
on its own country’s land. We say that workers migrate if they work for the other
country’s firm, although we assume that migration is costless.

(i) Write down a general equilibrium model of the labour, food and land markets.
(Hint: treat labour and food as unified international markets, but land as
national markets.)

(ii) Suppose that at some (out-of-equilibrium) prices, the food and labour mar-
kets clear, but there is excess demand of the small country’s land. What does
Walras’ law say about the market for the large country’s land?

(iii) Show that the small country’s firm’s profit function is convex in prices.

(iv) Show that if wages increase, the small country decreases its demand for
labour.

(v) Show that if the production technology has constant returns to scale, and
leisure is a normal good, then there is some migration from the small to the
big country. (Hint: functions that are homogeneous of degree 1, i.e. satisfy the
property that f(tx, ty) = tf(x, y), also have the property that fx(2x, 2y) =
fx(x, y) for all (x, y).)

(vi) Suppose the two countries plan to federalise into a free-trade zone (like the
EU). They are worried about social tensions arising from the inequality of the
people from the two countries. Devise a lump-sum tax scheme that creates
perfect equality.

(vii) * Suppose that households are constrained to work in one country only
(of their choice). Discuss how this possibility impedes application of the
Brouwer’s fixed point theorem to establish existence of equilibria.
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Question 7. US comedian Lewis Black has the following to say about solar energy:

If you ask your congressman why, he’ll say “Because it’s hard. It’s
really hard. Makes me want to go poopie.” You know why we don’t have
solar energy? It’s because the sun goes away each day, and it doesn’t
tell us where it’s going!

Two countries are endowed with some electricity during the day time. However,
they are located on opposite sides of the world, so when it is day time in one
country, it is night time in the other. Electricity is non-storable, so the only way
to consume electricity at night is to import electricity from the other country. A
portion of the electricity is lost in transportation; the fraction lost increases as the
amount of electricity transported increases.

Apart from this, the countries are identical: there is one household in each
country, they share the same preferences and endowments, and the household in
each country owns its own electricity exporter. You may assume preferences are
additively separable across time, and they value electricity consumption equally
during the day and night with decreasing marginal utility.

(i) Write down a general equilibrium model of this economy for one 24-hour
period consisting of one night and day in each country. (Hint: treat electricity
in different countries and different times as separate markets.)

(ii) It is possible to eliminate equilibrium variables and conditions using (i) price
normalisation and (ii) Walras’ law. Provide specific examples of how each of
these may be done in the context of your model.

(iii) Suppose that both distributors discover a perfect transportation technology
that prevents any electricity from being lost in transportation. In this case,
show that both countries have the same sequence of electricity prices.

(iv) Show that if the distributors have a perfect transportation (as above), then
the prices are the same. (Hint: look at the households’ first-order conditions,
and check the market clearing conditions.)

(v) Consider the proposal of taxing electricity consumption to subsidise electric-
ity distributors to compensate them for the wasted energy lost. Would this
proposal make everybody better off?

(vi) Again, suppose that there is a perfect transportation technology (see above).
Consider the proposal of one country to invade the other, and to impose a new
lump-sum tax on the victim country’s household. The booty is distributed
to the invading country’s household. Does this make the invading household
better off?
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Question 8. Suppose there are two types of people: words people and numbers
people. A medicine factory hires workers into two professions: marketing and en-
gineering. Both types of people can do both types of jobs, but words people are
better at marketing, and numbers people are better at engineering. Specifically,
one hour of a words person’s time spent on marketing is equivalent to two hours of
a numbers person’s time spent on marketing, and vice versa. Both types of people
have the same preferences, and are indiffferent between both professions – they
just take the best wage they can find. Everybody knows what type of person they
are trading with.

(i) Define an equilibrium for this economy.

(ii) Suppose there is excess demand for both types of labour, i.e. at market prices,
the firm demands more labour than the workers are willing to supply. Does
this mean that there is also excess demand for medicine?

(iii) The factory has to make two types of choices: how many workers of each
type to hire, and how to allocate them to professions.

(a) Define the firm’s output function as the maximum amount of medicine
the firm can produce with given labour inputs.

(b) Write down a Bellman equation for the factory relating the firm’s cost
function to the firm’s output function.

(c) Show that the firm’s cost function is concave with respect to wages.
(d) Show that if the market wage of numbers people increases, then the firm

finds it optimal to meet its production target by hiring fewer numbers
people and more words people.

(iv) Suppose the Words Union has an agreement which guarantees a maximum
number of hours for words people only, and that this makes the words people
better off. The Numbers Union proposes offering the Words Union a deal: it
would tax numbers workers a little bit, and give those taxes to words workers.
In return, the Words Union would abandon its maximum hours policy. Is it
possible that both unions would agree to this deal?

(v) * Prove that the cost function is differentiable with respect to wages.
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Question 9. A child care centre provides any number of hours of care to several
households using two types of labour: babysitters and cleaners. Both types of
labour are necessary for production – if either is zero, then no care can be provided.
Households can simultaneously supply labour of both types. Households are also
endowed with divisible houses, which they can exchange.

(i) Define the concept of a symmetric equilibrium for this economy, in which
each household makes the same choice.

(ii) Suppose at all equilibrium allocations, the households have a higher marginal
utility loss of cleaning than babysitting. Show that in every equilibrium, the
cleaning wage is higher than the babysitting wage.

(iii) Suppose that the firm’s production function is not concave. Does this imply
that the profit function is not convex in prices?

(iv) Suppose that workers must specialise in at most one profession, babysitting
or cleaning. (This isn’t a government restriction, just a difficulty of working
in these professions.) Are all equilibria efficient? Specifically, is it the case
that every equilibrium in this environment is Pareto undominated by every
feasible allocation in this environment?

(v) * As in the previous part, suppose that workers must specialise in at most
one profession, babysitting or cleaning. Can every efficient allocation in this
environment be implemented using lump-sum taxes?
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Question 10. Suppose there are two rural districts that share an identical agri-
cultural technology for transforming water into food. In the first year, households
in both districts are endowed with the same amount of water, which they sell to
farms. In the second year, one district suffers a perfectly predictable drought and
has no water endowment. Households only directly consume food, and only hold
shares in local farms. There are no import/export or migration costs, but food and
water are non-storable.

(i) Write down a competitive general equilibrium model of the economy. You
may assume households’ preferences can be represented by an additively
separable utility function.

(ii) Suppose that some protesters succeed in lowering the price of water in the sec-
ond period, which leads to excess demand of water in the second period. Ac-
cording to Walras’ law, what other consequences would this non-equilibrium
behaviour have?

(iii) Show that each household has a decreasing marginal value of saving for the
second year, provided that the household has a decreasing marginal utility
of consumption. (Hint: this involves formulating the value of savings.)

(iv) Show that each household consumes less during the drought.

(v) The government would like to compensate the drought-striken district. Ei-
ther devise a lump-sum tax policy that would implement smooth (constant)
consumption over time for all households, or prove that this task is impossi-
ble.

(vi) * Write down a function that has the following property: a price vector is
a fixed point of that function if and only if there exists an equilibrium with
that price vector. Your function should never lead to negative prices. (You
may make use of the excess demand function without defining it explicitly.)
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Question 11. Individuals are endowed with one unit of human capital and time. In
the first year, individuals divide their time between accumulating human capital
(through self-study), labour, and leisure. In the second year, the individuals divide
their time between labour and leisure only. A firm produces a consumption good
in each year using labour. The contribution of each hour of work to production is
proportional to the worker’s human capital.

(i) Write down a perfectly competetive model for this market. You may assume
the households have additively separable utility, with stationary flow util-
ity. (Hint: the human capital production function should have decreasing
marginal product.)

(ii) Is it possible for the price of consumption in the first period to be 1?

(iii) Write down a value function for the start of the second year. (Hint: the state
variable includes human capital, savings, and the prices in the second year.)

(iv) Derive the marginal value of (a) human capital and (b) savings.

(v) The government thinks that it’s wasteful for everybody to become edu-
cated. It proposes a tax on labour earnings in the second year to encour-
age more labour to be supplied in the first year. Could such a policy be
Pareto-improving?

(vi) * Informally discuss whether there are any asymmetric equilibria (e.g. in
which some people choose to become well-educated, but others do not.)
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Question 12. A factory produces appliances using labour and waste disposal ser-
vices. Households supply labour and waste disposal. Households are endowed with
small or large gardens, where they can dispose of waste. Assume that households
do not suffer from storing waste in their gardens, and that gardens are not traded
(or at least, not directly).

(i) Write down a competitive model of the labour, appliance, and waste disposal
markets.

(ii) Show that in every equilibrium, all households’ gardens are filled to capacity
with waste.

(iii) Show that if leisure is a normal good, then households with bigger gardens
work less.

(iv) Show that if the price of waste disposal increases, then firms will generate
less waste.

(v) Suppose the government wants to decrease the amount of waste stored in
gardens. Is there a lump-sum tax scheme that would work?

(vi) * Under what conditions would the households have a unique optimal labour,
appliance and waste storage choice?

(vii) * Prove that if all prices are greater than zero, and that households can
work at most 24 hours per day, then the budget set (i.e. the set of affordable
feasible choices) is compact.
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Question 13. As the earth’s population grows, an important question is how future
inhabitants will be able to feed themselves, and whether this will lead to inter-
generational inequality. Suppose there are two generations (X and Y) of equal size.
Generation X lives for two time periods, but Generation Y only lives in the second
time period. This means that the population is higher in the second period.

Farms produce food using land and labour. Only Generation X is endowed
with land, which it can supply to the market. Generation X households hold all
of the shares in the farms. Both generations can supply labour and consume food.
Households do not benefit from occupying land (but can gain wealth from renting
out the land). Generation X has stationary time-separable preferences, and its
per-period utility function is the same as Generation Y’s.
(i) Write down a competitive general equilibrium model of this economy.

(ii) Suppose that if the prices in all markets (labour, land, and food) do not
increase over time, that there is excess demand of labour, land, and food in
the second period. Does this imply that there is excess supply in all markets
in the first period?

(iii) For this part, focus attention on equilibria in which food output is higher
in the second period. Show that in every such equilibrium, real wages (i.e.
wages divided by food prices) are lower in the second period.

(iv) Write down Generation X’s value of holding money in the second period.
(Hint: this should be a function of money and second period food prices and
wages.)

(v) Reformulate Generation X’s problem by using the value function from (iv)
twice, i.e. the household should choose how to allocate money between the
two periods. How the money is spent in each period should be buried inside
the value function.

(vi) Generation Y protestors would like to eat more and work less, so they propose
confiscating land from Generation X at the start of period 2, and giving it
to Generation Y. Can such a policy make Generation Y better off? Would
the proposal lead Generation Y to eat more and work less?

(vii) * The proof of existence of equilibrium relies on applying Brouwer’s fixed
point theorem, which requires a set to be convex (among other things). Eco-
nomically speaking, which set is convex? Is this assumption usually met?

(viii) * Holding prices fixed, consider a sequence of optimal labour supply and con-
sumption choices, where the expenditure decreases to 1. Does this sequence
have a convergent subsequence (using the Euclidean metric)?
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Question 14. Suppose there are two occupations, nursing and cleaning, and that
individuals must select only one occupation to work in each year. Cleaning is easy
to learn, but nurses with one year of experience become more productive. There
are two years in the economy. Hospitals hire nurses and cleaners to provide medical
services, and share their profits equally among the population. Individuals consume
medical services.

(i) Write down a competitive model of the nursing and cleaning markets across
the two years. (Hint: there are no symmetric equilibria, so you will need to
accommodate identical households taking different decisions.)

(ii) Write down a formula for the value of savings and nursing experience in the
second year.

(iii) Reformulate the year-one households’ problem using the value function from
the previous part.

(iv) What is the marginal value of nursing experience if the individual finds it
optimal to do cleaning in the second year?

(v) Argue informally that nurses have lower wages than cleaners in the first year.

(vi) Are competitive equilibria Pareto efficient in this economy? (Hint: list all the
differences from pure-exchange economies where we proved the first-welfare
theorem, and informally discuss whether these are important.)

(vii) * Is the excess demand function continuous?

(viii) ** Is the household’s feasiable choice set compact, assuming all prices are
strictly greater than zero?
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Question 15. Suppose there are two schools that hire workers to teach. One school
is twice as productive as the other – i.e. for the same amount of input, it produces
double the output. Households supply labour and consume education.

(i) Write down a competitive model of this economy.

(ii) Suppose at prevailing prices, there is excess supply of teachers. What does
this imply about the supply of education?

(iii) Prove that the “good” (more productive) school hires more teachers than
the “bad” school.

(iv) Prove that if wages increase, then schools provide less education.

(v) Suppose that the government imposes lump-sum taxes on half of the popu-
lation, and transfers these to the other half equally. Moreover suppose that
education and leisure are normal goods, and that this policy causes real wages
to increase. What happens to each household’s education choices? Hint: the
Slustky equation is:

∂xi(p,m)

∂pj︸ ︷︷ ︸
net effect

=

[
∂hi(p, u)

∂pj

]
u=v(p,m)︸ ︷︷ ︸

substitution effect

+−xj(p,m)︸ ︷︷ ︸
wealth lost

∂xi(p,m)

∂m︸ ︷︷ ︸
income effect

. (1)

(vi) * In class, to prove the existence of an equilibrium, we constructed a con-
tinuous function and proved that it has a fixed point. Since we only need
to consider one price in this economy (why?), this function effectively maps
from R to R. Describe mathematically, and sketch (i.e. draw) this function.

(vii) ** Let (X, d) be any metric space. Prove that if f, g : X → R are continuous,
then h(x) = max {f(x), g(x)} is also continuous. Hint: you may assume a
similar result holds for addition and subtraction.
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Question 16. Consider a two-generation economy in which both generations con-
sume fish in both time periods. However, the old generation can only work in the
first period and the young can only work in the second period. A fishing firm hires
workers in each period to catch fish, and a storage firm hires workers to freeze fish
in the first time period, and to defrost fish in the second period. Defrosted and
fresh fish are perfect substitutes.

(i) Write down a competitive model of the intergenerational fishing economy.

(ii) Is it possible to normalise real wages in the first period to 1?

(iii) Show that if the price of fish in the second period increases, the storage firm
sells more fish.

(iv) The government is worried about intergenerational inequality, i.e. that the
young will receive lower real wages than the old. It proposes a lump-sum tax
on the old and transfer to the young. Show if leisure is a normal good, then
this causes at least some prices to change in the new equilibrium.

(v) Suppose it is only possible to store whole fish. Are all equilibria Pareto
efficient?

(vi) * Suppose households can home-produce fish storage. Give an example of
how this might lead household preferences to be time-inseparable.

(vii) ** Let (X, dX) and (Y, dY ) be metric spaces. Prove that if f : X → Y is
continuous and X is compact in (X, dX), then f(X) is compact in (Y, dY ).
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Question 17. Suppose that there are two time periods, and two seasons – summer
and winter. There are about ten times as many people in the northern hemisphere
than the southern hemisphere. This means that in both periods, an unequal frac-
tion of people experience summer and winter. People prefer to work less and con-
sume more in summer. A firm hires workers to produce a consumption good. It
operates in both periods.

(i) Write down a competitive equilibrium model of seasons and hemispheres.

(ii) Suppose the market value of excess demand in all markets in the first time
period is positive. Does this mean that there must be excess supply in a
market in another time period?

(iii) Using dynamic programming, reformulate the households’ problems using
net borrowing/lending as a state variable. That is, if this state variable is
a positive number for period 1, then the household consumes more than its
wages in period 1. The Bellman equation should bury the specifics about
consumption or labour decisions in both periods.

(iv) Show that households have a decreasing marginal value of net borrowing.

(v) Show that households do more net borrowing (or less net lending) in summer
than winter. Hint: treat “how ‘northern’ a household is” as a state variable.

(vi) The United Nations is worried that because of the population imbalance, the
seasons create global inequality. They propose achieving equality by requiring
everyone to work the same hours during summer and winter. Is it possible
to design a lump-sum tax scheme that implements such an allocation? Hint:
assume that leisure is a normal good.

(vii) ** Prove that the boundary ∂A of any set A is closed.

20



Question 18. Scotland has two major cities, Glasgow and Edinburgh. Suppose
that each city has an identical stock of buildings. Workers prefer to consume more
buildings, and only benefit from housing located in the city that they choose to
work in. There is an electronics factory in each city, that uses labour and buildings
to produce electronics. The Glasgow factory is z > 1 times as productive as the
Edinburgh factory (given the same inputs). To summarise, workers supply labour
to factories, consume housing services in their own city, and consume electronics.

(i) Write down a competitive model of the Scottish housing and electronics
economy.

(ii) Suppose that there were excess demand for workers and housing in Glasgow,
and that the electronics market cleared. Does this imply that there would be
excess supply of workers and/or housing in Edinburgh?

(iii) Prove that the Glasgow manufacturer’s profit is increasing and convex in its
productivity z.

(iv) Prove that if wages in Glasgow increase, then the Glasgow manufacturer
demands fewer workers.

(v) Prove that if wages are higher in Glasgow, then rent is also higher in Glasgow.

(vi) Suppose there are several equilibria. Prove that every worker is indifferent
between all equilibria.

(vii) * Prove that there is only one equilibrium allocation of resources.

(viii) ** Prove that if f and g are continuous, then h(x) = f(g(x)) is continuous.
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Question 19. According to Seixas, Robins, Attfield and Moulton (1992), coal min-
ers have a 16% risk of developing the disease black lung. To keep things simple,
suppose that all coal workers must retire early because of their health. Specifically
suppose there are two time periods, and workers can choose to work in call centres
or coal mines each period. After working in a coal mine, the worker is unable to
work thereafter (in any job). However, sick retirees can still enjoy leisure as nor-
mal. A firm sells electricity, which it produces with coal miners and call centre
workers. Workers supply either kind of labour and consume electricity and leisure.

(i) Write down a competitive model of the electricity markets and the two types
of labour markets.

(ii) Reformulate the worker’s problem with a Bellman equation, using wealth
and health as state variables.

(iii) Prove that in the last period, both professions receive the same wage.

(iv) Prove that the worker has diminishing marginal value of wealth in the last
period.

(v) Prove that in the first period, coal miners receive higher wages than call
centre workers.

(vi) Suppose the government selects half of the population (e.g. those born in the
first half of the year) for a reward, to be funded by lump-sum taxes on the
other half of the population. Is this policy Pareto efficient?

(vii) ** Consider the metric space (X, d) where X = [0, 2] and d(x, y) = |x − y|.
Prove or disprove that A = [0, 1) is an open set.

22


